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ABSTRACT
In this paper we introduce intuitionistic fuzzy g"’-closed sets and intuitionistic fuzzy g"’- open
sets. The relations between intuitionistic fuzzy g"’-closed sets and other intuitionistic fuzzy
generalized closed sets are given.
1. INTRODUCTION

The concept of fuzzy sets was introduced by Zadeh [17] and later Atanassov [1] generalized this
idea to intuitionistic fuzzy sets using the notion of fuzzy sets. On the other hand Coker [3] introduced
intuitionistic fuzzy topological spaces using the notion of intuitionistic fuzzy sets. The concept of
generalized closed sets in topological spaces was introduced by Levine [8]. In this paper we introduce
intuitionistic fuzzy g"'-closed sets and intuitionistic fuzzy g"’- open sets. The relations between

"

intuitionistic fuzzy g

2. PRELIMINARIES

-closed sets and other generalizations of intuitionistic fuzzy closed sets are given.

Definition 2.1 [1]

An intuitionistic fuzzy set (IFS in short) A in X can be described in the form A = {(, HA(X),
VA(x))|x € X} and X be a non empty set where the function pA : X — [0, 1] is called the membership
function and pA(X) denotes the degree to which x € A and the function vA : X — [0, 1] is called the non-
membership function and vA(x) denotes the degree to which x /€ A and 0 < pA(x) + vA(x) < 1 for each x
€ X. Denote IFS(X), the set of all intuitionistic fuzzy sets in X. Throughout the paper, X denotes a non
empty set.
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Definition 2.2 [1]

Let A and B be any two IFSs of the form A={(x, nA(x), vA(x)) | X € X} and B={(x, uB(x),

vB(x)) | x € X}. Then

(1). A € B if and only if pA(x) < uB(x) and vA(x) > vB(x) for all x € X,

(2. A=Bifandonlyif Ac Band B C A,

(3). Ac = {{(x, VA(X), pA(X)) | x € X},

(4). A N B = {(x, MPA(X) A uB(x), VA(x) V vB(x)) | X € X},

(5). AU B = {(x, HA(X) V uB(x), VA(x) A vVB(x)) | X € X}.
Definition 2.3 [1]

The intuitionistic fuzzy sets 0~ = {(x, 0, 1) | x € X} and 1~ = {(x, 1, 0) | x € X} are called the

empty set and the whole set of X respectively.
Definition 2.4 [1]

Let A and B be any two IFSs of the form A = {(x, pA(x), VA(x)) | X € X} and B = {{x, uB(x),

vB(x)) | X € X}. Then
(1). AcB and AcC = A € BNC,
(2). AcCand B€C = AuB c C,
(3). AcBandBEC > AcC,
(4). (AUB): = Ac N Be and (ANB)e = A¢ U B
(). (A)e)e = A,
(6). (1~)c =0~ and (0~)c = 1~
Definition 2.5 [3].
An intuitionistic fuzzy topology (IFT in short) on X is a family t of IFSs in X satisfying the
following axioms:
(1). 0+, 1~ €T,
(2). G1 N G2 € t for any G1, G2 € 71,
(3). U Gj € 1 for any family {Gj|i € J} S 1.

In this case the pair (X, 1) is called an intuitionistic fuzzy topological space (IFTS in short) and
any IFS in t is known as an intuitionistic fuzzy open set (IFOS in short) in X. The complement A¢ of an
IFOS A in an IFTS (X, 7) is called an intuitionistic fuzzy closed set (IFCS in short) in X.

Definition 2.6 [3]
Let (X, 1) be an IFTS and A = {(x, pA(X), VA(x)) | x€X} be an IFS in X. Then the intuitionistic
fuzzy interior and the intuitionistic fuzzy closure are defined as follows:
int(A)=uU{G|Gisan IFOSin Xand G € A},
cl(A)=N {K|KisanIFCS in X and A € K}.
Proposition 2.7 [3]
For any IFSs A and B in (X, 1), we have
(1). int(A) € A,
(2). Accl(A),
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(3). AisanIFCSinX & cl(A)=A
(4). Aisan IFOS in X & int(A) = A,
(5). A< B = int(A) < int(B) and cl(A) < cl(B),
(6). int(int(A)) = int(A),
(7). cl(cl(A)) =cl(A),
(8). cl(AUB) =clI(A) U cl(B),
(9). int(ANB) = int(A) N int(B).
Proposition 2.8 [3]
For any IFS A in (X, 1), we have
(1). int(0~)=0~ and cl(0~)=0-,
(2). int(1~)=1~ and cl(1~)=1-,
(3). (int(A))c = cl(Ac),
(4). (cl(A))c = int(Ac).
Proposition 2.9 [3]
If A is an IFCS in (X, 1) then cl(A) = A and if A is an IFOS in (X, 1) then int(A) = A. Then
arbitrary union of IFCSs is an IFCS in (X, 1).
Definition 2.10
An IFS A in an IFTS (X, 1) 1s said to be an
(1). intuitionistic fuzzy a-closed set (IFaCS in short) if cl(int(cl(A))) € A, [5]
(2). intuitionistic fuzzy semi closed set (IFSCS in short) if int(cl(A)) € A, [2]
(3). intuitionistic fuzzy semi pre closed set (IFSPCS in short) if int(cl(int(A))) € A. [16]
Definition 2.11
AN IFS A in an IFTS (X, 1) is said to be an
(1). intuitionistic fuzzy a-open set (IFaOS in short) if A < int(cl(int(A))),[5]
(2). intuitionistic fuzzy semi open set (IFSOS in short) if A < cl(int(A)),[4]
(3). intuitionistic fuzzy semi pre open set (IFSPOS in short) if A < cl(int(cl(A))). [16]
Remark 2.12 [7]
We have the following implications.
IFCS — IFaCS — IFSCS — IFSPCS
None of the above implications are reversible.
Definition 2.13 [12]
Let A be an IFS in an IFTS (X, t). Then the a-interior of A (aint(A) in short) and the a-
closure of A (acl(A) in short) are defined as
aint(A) =U {G | G is an [FaOS in (X, 7) and G € A},
acl(A)=N {K |Kis an [FaCS in (X, 1) and A € K}.
s-int(A), s-cl(A), s-pint(A) and s-pcl(A) are similarly defined. For any IFS A in (X, 1), we have
acl(Ac) = (aint(A))c and aint(Ac)=(acl(A))c
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Remark 2.14 [12]
Let A be an IFS in an IFTS (X, 1). Then
(1). acl(A) = A U cl(int(cl(A))),
(2). aint(A) = A N int(cl(int(A))).
Definition 2.15
An IFS A in (X, 1) is said to be an
(2). intuitionistic fuzzy generalized closed set (IFGCS in short) if cl(A) € U whenever A <
U and U is an IFOS in (X, 1), [14]
(2). intuitionistic fuzzy generalized semi closed set (IFGSCS in short) if scl(A) € U whenever
AcUandUisan IFOS in (X, 1),[11]
(3). intuitionistic fuzzy semi generalized closed set (IFSGCS in short) if scl(A) € U whenever
A c UandUisan IFSOS in (X, 1),[13]
(4). intuitionistic fuzzy o generalized closed set (IFaGCS in short) if acl(A) S U whenever A
c UandUisan IFOS in (X, 1), [12]
(5). intuitionistic fuzzy o generalized semi closed set (IFaGSCS in short) if acl(A) € U
whenever A € U and U is an IFSOS in (X, 1), [6]
(6). intuitionistic fuzzy o closed set (IFoCS in short) if cl(A) € U whenever A € U and U is an
IFSOS in (X, 1), [13]
(7). intuitionistic fuzzy generalized semi pre closed set (IFGSPCS in short) if spcl(A) € U
whenever A € U and U is an IFOS in (X, 7). [10]
The complements of the above mentioned intuitionistic fuzzy closed sets are called their respective
intuitionistic fuzzy open sets.
Remark 2.16 [13]
(1). Every IFOS is an IFSGOS,
(2). Every IFSOS is an IFSGOS.
Definition 2.17 [15]
Two IFSs A and B are said to be g-coincident (AgB in short) if and only if there exists an
element X € X such that pA(x) > vB(x) or vA(x) < uB(x). For any two IFS A and B of (X, 1), AgB if and
only if A € B

3. INTUITIONISTIC FUZZY G"' -CLOSED SETS

Example 3.7 Let X={a,b}. Let T ={0-,G,1-} be an IFT on X, where G=(x, (0.2,0.3), (0.7,0.6)). We have
ue(a)=0.2, upc(b)=0.3, vg(a)=0.7 and ve(b)=0.6. Consider an IFS A= (x,(0.3,0.4),(0.6,0.5)). Here
IFG"'C(X) = {0-,G1-}. Therefore A is not an IFG"'CS in (X,t). And we have spcl(A) = A. Therefore A is
an IFGSPCS in (X,1).
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Theorem 3.8 Every IFG"'CS is an IFoCS.

Proof.Let ACU where U is an IFSOS in (X, 1). Since every IFSOS is an IFGSOS and since A is an
IFG"'CS in (X,1), we have cl(A) €U, whenever ACU and U is an IFGSOS in (X,t). we have cl(A) €U,
whenever ACU and U is an IFSOS in (X, 7). Therefore A is an IFoCS in (X,t). Hence every IFG"'CS is
an [FoCS.

The converse of the part is need not be true as seen from the following Example.

Example 3.9 Let X={a,b}. Let T ={0-,G,1-} be an IFT on X, where G=(x, (0.3,0.4), (0.6,0.5)). We have
pe(2)=0.3, pe(b)=0.4, ve(a)=0.6 and vg(b)=0.5. Consider an IFS A= (x,(0.7,0.6),(0.2,0.3)). Here
IFG"'C(X) = {0-,G1-}. Therefore A is not an IFG"'CS in (X,1). And here IFSO(X) = {0-,G,A,G%1-}
where GCACGE. Therefore A is an IFoCS in (X,1).

Theorem 3.10 Every IFG"'CS is an IFGCS.

Proof.Let ACU where U is an IFOS in (X, 7). Since every IFOS is an IFGSOS and since A is an IFG"'CS
in (X,1), we have cl(A) €U, whenever ACU and U is an IFGSOS in (X,t). we have cl(A) €U, whenever
ACU and U is an IFOS in (X, 1). Therefore A is an IFGCS in (X,1). Hence every IFG"'CS is an IFGCS.

The converse of the part is need not be true as seen from the following Example.

Example 3.11Let X={a,b}. Let T ={0-,G,1-} be an IFT on X, where G=(x, (0.6,0.5), (0.3,0.4)). We have
ue(@)=0.6, pc(b)=0.5, ve(a@)=0.3 and vg(b)=0.4. Consider an IFS A= (x,(0.7,0.6),(0.2,0.3)). Here
IFG"'C(X) = {0-,A,G"1-}where 0-cAcG". Therefore A is not an [IFG"'CS in (X,7). And here U=1-is the
only IFOS which contains A. Therefore A is an IFGCS in (X,1).

Theorem 3.12 Every IFG"'CS is an [FaGCS.

Proof. Consider ACU where U is an IFOS in (X, 7). Since every IFOS is an IFGSOS and since A is an
IFG"'CS in (X,t), we have cl(A) €U, whenever ACU and U is an IFGSOS in (X,t). we have cl(A) €U,
whenever ACU and U is an IFOS in (X, 1). Since acl(A) € cl(A), we have acl(A) S U. Therefore A is an
[FaGCS in (X,1). Hence every IFG"'CS is an [FaGCS.

The converse of the part is need not be true as seen from the following Example.

Example 3.13 Let X={a,b}. Let T ={0-,G,1-} be an IFT on X, where G=(x, (0.6,0.7), (0.3,0.2)). We have
uc(a)=0.6, pc(b)=0.7, ve(a)=0.3 and vg(b)=0.2. Consider an IFS A= (x,(0.6,0.7),(0.3,0.2)). Here
IFG"'C(X) = {0-,A,G°1-}where 0-c AcG°. Therefore A is not an IFG”'CS in (X,t). And here U=1- is the
only IFOS which contains A. Therefore A is an IFaGCS in (X,7).
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Theorem 3.14 Every IFG"'CS is an IFGSCS.

Proof Let ACU where U is an IFOS in (X, 1). Since every IFOS is an IFGSOS and since A is an [IFG"'CS
in (X,1), we have cl(A) €U, whenever ACU and U is an IFGSOS in (X,t). we have cl(A) €U, whenever
ACU and U is an IFOS in (X, 1). Since scl(A) < cl(A), we have scl(A) € U. Therefore A is an IFGSCS in
(X,7). Hence every IFG"'CS is an IFGSCS.

The converse of the part is need not be true as seen from the following Example.

Example 3.15 Let X={a,b}. Let T ={0-,G,1-} be an IFT on X, where G=(x, (0.2,0.3), (0.7,0.6)). We have
pe(2)=0.2, pe(b)=0.3, ve(a)=0.7 and vg(b)=0.6. Consider an IFS A= (x,(0.6,0.7),(0.3,0.2)). Here
IFG"'C(X) = {0-,G°1-}. Therefore A is not an IFG"'CS in (X,t). And here U=1- is the only IFOS which
contains A. Therefore A is an IFGSCS in (X,7).

Definition 3.16 An IFS A in an IFTS (X,7) is said to be an intuitionistic fuzzy gs"'-closed set(IFGs"'CS in
short) if scl(A)=Uwhenever AcUandUis an IFGSOS in (X, 7).

The complement of an intuitionistic fuzzy gs"’-closed set is called an intuitionistic fuzzy gs"'-
openset(IFGs"'OS in short).

Theorem 3.17 Every IFG"'CS is an IFGs"'CS.

Proof.Let ACU where U is an IFGSOS in (X, 7). Since A is an IFG"'CS in (X,t), we have cl(A) €U,
whenever ACU and U is an IFGSOS in (X,1). Since scl(A) < cl(A), we have scl(A) < U. Therefore A is
an IFGs"'CS in (X,t). Hence every IFG"'CS is an IFGs"'CS.

The converse of the part is need not be true as seen from the following Example.

Example 3.18 Let X={a,b}. Let 1 ={0-,G,1-} be an IFT on X, where G=(x, (0.2,0.3), (0.7,0.6)). We have
uc(a)=0.2, pe(b)=0.3, ve(a)=0.7 and vg(b)=0.6. Consider an IFS A= (x,(0.3,0.4),(0.6,0.5)). Here
IFG"'C(X) = {0-,G%1-}. Therefore A is not an IFG"'CS in (X,t). And here IFSC(X) = {0-,G,A,G"1-}
where GCAcGE. Therefore A is an IFGs"'CS in (X,1).

Theorem 3.19 Every IFG"'CS is an [FaGSCS.

Proof Let ACU where U is an IFSOS in (X, t). Since every IFSOS is an IFGSOS and since A is an
IFG"'CS in (X,t), we have cl(A) €U, whenever ACU and U is an IFGSOS in (X,1).We have cl(A)
cU,wheneverAcUand U is an IFSOS in (X, 7). Since acl(A) € cl(A), we have acl(A) € U. Therefore A is
an [FaGSCS in (X,t). Hence every IFG"'CS is an IFaGSCS.

The converse of the part is not be true as seen from the following Example.

Example 3.20Let X={a,b}. Let T ={0-,G,1-} be an IFT on X, where G=(x, (0.4,0.3), (0.5,0.6)). We have
ue(@)=0.4, pc(b)=0.3, vs(@)=0.5 and vg(b)=0.6. Consider an IFS A= (x,(0.6,0.7),(0.3,0.2)). Here
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IFG"'C(X) = {0- G ¢,1-}.Therefore A is not an IFG"'CS in (X,t). And here IFSO(X)={0- G,A,G° 1-}where
GcACGS. Therefore A is an IFaGSCS in (X,1).

Definition 3.21 An IFS A in an IFTS (X,1) is said to be an intuitionistic fuzzy g,"’-closed set(IFG,"'CS in
short) if acl(A)SUwhenever AcUandUis an IFGSOS in (X, 1).

The complement of an intuitionistic fuzzy g.”’-closed set is called an intuitionistic fuzzy g."’-open
set(IFG,"'OS in short).

Theorem 3.22 Every IFG"'CS is an IFG,"'CS.

Proof. Let A be an IFG"'CS in (X,t). Then we have cl(A) €U, whenever ACU and U is an IFGSOS
in (X,7). Since ocl(A) € cl(A), we have acl(A) € U, whenever ACU and U is an IFGSOS in (X, 1).
Therefore A is an IFG,"'CS in (X,t). Hence every IFG"'CS is an IFG,"'CS.

The converse of nt part is need not be true as seen from the following Example.

Example 3.23 Let X={a,b}. Let t ={0-,G,1-} be an IFT on X, where G=(x, (0.3,0.6), (0.6,0.3)). We have
ne(2)=0.3, ue(b)=0.6, ve(a)=0.6 and ve(b)=0.3. Consider an IFS A=(x, (0.2,0.3), (0.7,0.6)).Then A is an
IFG,"'CS but not an IFG"'CS in (X,7).

Remark 3.24 IFaCS and IFG"'CS are independent.

Example 3.25 Let X={a,b}. Let 1 ={0-,G,1-} be an IFT on X, where G=(x, (0.2,0.3), (0.8,0.7)). We have
ue(2)=0.2, uc(b)=0.3, vs(a)=0.8 and vs(b)=0.7. Consider an IFS A=(x, (0.1,0.4), (0.9,0.6)). Then A is an
IFaCS but not an IFG"'CS in (X,7).

Example 3.26 Let X={a,b}. Let T ={0~,G1,G2,1-} be an IFT on X, where G1=(x, (0.3,0.2), (0.6,0.7)) and
G2= (x,(0.3,0.4),(0.6,0.5)). We have puci(a)=0.3, uciu(b)=0.2, vei(a)=0.6, vci(b)=0.7, pse2(a)=0.3,
uc2(b)=0.4, vea(a)=0.6 and ve2(b)=0.5.Consider an IFS A=(x, (0.65,0.75), (0.25,0.15)). Then A is an
IFG"'CS but not an [FaCS in (X,1).

Remark 3.27 IFSCS and IFG"'CS are independent.

Example 3.28 Let X={a,b}. Let 1 ={0-,G,1-} be an IFT on X, where G=(x, (0.3,0.4), (0.6,0.5)). We have
ue(2)=0.3, uc(b)=0.4, va(a)=0.6 and vs(b)=0.5. Consider an IFS A=(x, (0.4,0.5), (0.5,0.4)). Then A is an
IFSCS but not an IFG"'CS in (X,7).

Example 3.29 Let X={a,b}. Let 1 ={0-,G1,G2,1-} be an IFT on X, where G1=(x, (0.2,0.3), (0.7,0.6)) and
Go= (x,(0.3,0.4),(0.6,0.5)). We have puci(a)=0.2, uci(b)=0.3, vei(a)=0.7, vci(b)=0.6, pc2(a)=0.3,
ue2(b)=0.4, ve2(a)=0.6 and vg2(b)=0.5.Consider an IFS A=(x, (0.8,0.7),(0.1,0.2)). Then A is an IFG"'CS
but not an IFSCS in (X,1).

Theorem 3.30 If A and B are IFG"'CSs in an IFTS (X,t), then A U B is also an IFG"'CS in (X,1).
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Proof If AU B < G where G is IFGSOS, then A € G and B € G. Since A and B are IFG"'CSs, cl(A) € G
and cl(B) < G and hence cl(A) U cl(B) = cl(AUB) € G. Thus AUB is an IFG"'CS in (X,1).

Remark 3.31 The intersection of two IFG"'CSs in an IFTS (X,1) need not be an IFG"'CS in (X,7).

Example 3.32 Let X={a,b}. Let T ={0-,G1,G2,1-} be an IFT on X, where G1=(x, (0.2,0.3), (0.7,0.6)) and
G2= (x,(0.3,0.4),(0.6,0.5)). We have puci(a)=0.2, uci(b)=0.3, vei(a)=0.7, vci(b)=0.6, pc2(a)=0.3,
ue2(b)=0.4, vc2(a)=0.6 and ve2(b)=0.5.Consider the two IFSs A= (x,(0.1,0.7),(0.8,0.2)) and
B=(x, (0.8,0.2),(0.1,0.7)). Then A and B are IFG”'CSs.But A N B = (x,(0.1,0.2), (0.8,0.7)) is not an
IFG"'CS in (X,7).

Theorem 3.33If A is an IFG"'CSs in an IFTS (X,t) and A € B < cl(A), then B is an IFG"'CS in (X,1).

Proof If B € U where U is an IFGSOS in (X,t). Since A € B and Ac U. Since A is an IFG"'CS in (X,7),
cl(A) < U. Since B<cl(A), cl(B) < cl(A)< U. Therefore B is an IFG"'CS in (X,7).

Theorem 3.34 Let A be an IFS in an IFTS (X,t). Then A is an IFG"'CS if and only if AgF implies
cl(A)gF for every IFGSCS F in (X,7).

Proof Necessary Part: Let F be an IFGSCS in (X,t) and Let AgF. Then A € F¢, where F° is an IFGSOS in
(X,7). Therefore by hypothesis cl(A) € F°. Hence cl(A)gF.

Sufficient Part: Let F be an IFGSCS in (X,7) and Let A be an IFS in (X,t). BY hypothesis, AgF
implies cl(A)gF. Then cl(A) < F° whenever A € F° and F° is an IFGSOS in (X,t). Hence A is an IFG"'CS
in (X,1).

Theorem 3.35 Let (X,t) be an IFTS. Then IFC(X) = IFG"'C(X) if every IFS in (X,7) is an [IFGSOS in X,
where [FC(X) denotes the collection of [FCSc of an IFTS (X,1).

Proof Suppose that every IFS in (X,t) is an IFGSOS in X. Let A€ IFG"'C(X). Then cl(A) € U whenever
Ac U and U is an IFGSOS in X.Since every IFS is an IFGSOS,A is also an IFGSOS and A € A.
Therefore cl(A) < A. Hence cl(A) = A. Therefore A€ IFC(X). Hence IFG"'C(X) < IFC(X) —(1). Let
A€IFC(X). Then by Theorem 3.4, A€ IFG"'C(X). Hence IFC(X) € IFG"'C(X) —(2). From (1) and (2), we
have IFC(X) = IFG"'C(X).

Proposition 3.36 If A is an IFGSOS and IFG"”'CS in an IFTS (X,t), then A is an IFCS in (X,1).

Proof Since A is an IFGSOS and IFG"'CS, cl(A) € A. Hence A is an IFCS in (X,7).
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4. INTUITIONISTIC Fuzzy g''! -open sets

In this section we introduce intuitionistic fuzzy g"’-open sets and study some of its properties.

Definition 4.1 An IFS A in an IFTS (X,1) is said to be an intuitionistic fuzzy g"’-open set(IFG"'OS in

short) if A®is an intuitionistic fuzzy g"’-closed set in (X,1).
The collection of all intuitionistic fuzzy g"’-open sets in X is denoted by IFG"'O(X).

Example 4.2 Let X={a,b}. Let t ={0-,G,1-} be an IFT on X, where G=(x, (0.2,0.3), (0.7,0.6)). We have
ue(2)=0.2, uc(b)=0.3, ve(a)=0.7 and vg(b)=0.6. Consider an IFS A=(x, (0.2,0.3),(0.7,0.6)). Then by
Example 1.2.2, A®is an IFG"'CS in (X,1). Hence A is an IFG"'OS in (X,1).

Example 4.3 Let X={a,b}. Let t ={0-,G,1-} be an IFT on X, where G=(x, (0.2,0.3), (0.7,0.6)). We have
ue(2)=0.2, uc(b)=0.3, vg(a)=0.7 and vg(b)=0.6. Consider an IFS A=(x, (0.6,0.5),(0.3,0.4)). Then by
Example 4.3, A®is not an IFG"'CS in (X,t). Hence A is not an IFG"'OS in (X,7).

Theorem 4.4 An IFS A in an IFTS (X,1) is [IFG"'OS if and only if F€int (A) whenever FEA and F€ is an
IFGSOS.

Proof Necessary part: Let A be an IFG"”’OS in (X,t). Let F¢ be an IFGSOS such that FSA . Then A¢ € F¢
Where A¢is an IFG"'CS. Hence cl(A€) € F€. This implies (int(A))¢ < F€ . Thus we have F < int (A)
whenever FCA and F€ is an IFGSOS.

Sufficient part: Let F < int (A) whenever FCA and F¢ is an IFGSOS in (X,t). This implies (int(A))¢ € F¢
whenever A € F€ and F¢ is an IFGSOS. That is cl(A¢) € F¢ whenever A° € F€ and F¢ is an IFGSOS.
Therefore A€ is an IFG"'CS. Hence A is an IFG"”'OS in (X,1).

Theorem 4.5 Every IFOS is an IFG"'OS .

Proof.Let A be an IFOSin (X,t). Therefore A€ is an IFCS in (X,t). Then by theorem 4.4,A€ is an IFG"'CS
in(X,t). Therefore A is an IFG"'OS in(X,7).

The converse of the statement is need need not be true as seen from the following example.

Example 4.6 Let X={a,b}. Let t ={0-,G,1-} be an IFT on X, where G=(x, (0.7,0.6), (0.2,0.3)). We have
uc(a)=0.7, uc(b)=0.6, vg(a)=0.2 and vg(b)=0.3. Consider an IFS A=(x, (0.8,0.7),(0.1,0.2)). Then by
Example, A®is an IFG"'CS but not an IFCS in (X,t). Hence A is an IFG"'OS but not an IFOS in (X,1).

Theorem 4.7 Every IFG"'OS is an IFGSPOS.

Proof .Let A be an IFG"'OS in(X,t). ThereforeA€ is an IFG"'CS in(X,t). Then by theorem 1.2.6, A€ is an
IFGSPCS in (X,t). Therefore A is an[FGSPOS in (X,1).

The converse of theorem 4.7 need not be true as seen from the following example.

[JCRT2104098 | International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org | 696


http://www.ijcrt.org/

www.ijcrt.org © 2021 IJCRT | Volume 9, Issue 4 April 2021 | ISSN: 2320-2882

Example 4.8Let X={a,b}. Let 1 ={0-,G,1-} be an IFT on X, where G=(x, (0.2,0.3), (0.7,0.6)). We have
ue(2)=0.2, pe(b)=0.3, ve(a)=0.7 and ve(b)=0.6. Consider an IFS A=(x, (0.6,0.5),(0.3,0.24)). Then by
Example 4.7, A® is an IFGSPCS but not an IFG"'CS in (X,1). Hence A is an IFGSPOS but not an IFG"'OS
in (X,1).

Theorem 4.9 Every IFG"'OS is an IFwOS.

Proof.Let A be anIFG"'OS in (X,1). Therefore A€ is an IFG"'CS in (X,tr). Then by Theorem, A€ is an
IFwCS in(X,1). Therefore A is an [FwOS in(X,1).

The converse of theorem 4.9 need not be true as seen from the following Example.
Example 4.10

Let X={a,b}. Let 1 ={0-,G,1-} be an IFT on X, where G=(x, (0.3,0.4), (0.6,0.5)). We have
ue(2)=0.3, uc(b)=0.4, vg(a)=0.6 and vg(b)=0.5. Consider an IFS A=(x, (0.2,0.3),(0.7,0.6)). Then by
Example 4.9, A® is an IFwCS but not an IFG"”'CS in (X,t). Hence A is an IFwOS but not an IFG"'OS in
(X,7)

Theorem 4.11 Every IFG"'OS is anIFGOS

Proof Let A be an[FG"”'OS in (X,t). Therefore A€ is an IFG"'CS in (X,t). Then by Theorem, A€ is an
IFGCS in(X,t). Therefore A is an IFGOS in(X,7).
The converse of Theorem 4.11 need not be true as seen from the following Example.
Example 4.12

Let X={a,b}. Let t ={0-,G,1-} be an IFT on X, where G=(x, (0.6,0.5),(0.3,0.4)). We have
uc(a)=0.6, uc(b)=0.5, vs(a)=0.3 and ve(b)=0.4. Consider an IFS A=(x, (0.2,0.3),(0.7,0.6)). Then by
Example 4.11, A®is an IFGCS but not an IFG"'CS in (X,t). Hence A is an IFGOS but not an IFG"'OS in
(X.7)
Theorem 4.13 Every IFG"'OS is anl[FaGOS
Proof Let A be an[FG"'OS in (X,t). Therefore A° is an IFG"'CS in (X,tr). Then by Theorem,A¢ is an
IFaGCS in(X,t). Therefore A is an [FaGOS in(X,1).

The converse of theorem 4.13 need not be true as seen from the following Example.
Example 4.14

Let X={a,b}. Let T ={0-,G,1-} be an IFT on X, where G=(x, (0.6,0.7),(0.3,0.2)). We have
ue(a)=0.6, uc(b)=0.7, ve(a)=0.3 and ve(b)=0.2. Consider an IFS A=(x, (0.3,0.2),(0.6,0.7)). Then by
Example 4.13, A®is an IFeGCS but not an IFG"'CS in (X,t). Hence A is an IFaGOS but not an IFG”'OS
in (X,1).

[JCRT2104098 | International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org | 697


http://www.ijcrt.org/

www.ijcrt.org © 2021 IJCRT | Volume 9, Issue 4 April 2021 | ISSN: 2320-2882

Theorem 4 .15 EveryIFG"'OS is anI[FGSOS.

Proof Let A be an[FG"'OS in (X,t). Therefore A€ is an IFG"'CS in (X,t). Then by Theorem
,A€ is an IFGSCS in(X,t). Therefore A is an IFGSOS in(X,1).

The converse of Theorem 4.15 need not be true as seen from the following Example.
Example 4.16

Let X={a,b}. Let 1 ={0-,G,1-} be an IFT on X, where G=(x, (0.2,0.3),(0.7,0.6)). We have
ue(2)=0.2, uc(b)=0.3, vg(a)=0.7 and vg(b)=0.6. Consider an IFS A=(x, (0.3,0.2),(0.6,0.7)). Then by
Example, A® is an IFGSCS but not an IFG"”'CS in (X,t). Hence A is an IFGSOS but not an IFG"'OS in
(X,0).

Theorem 4.17 Every IFG"'OS is anIFG¢''OS.

Proof Let A be an IFG"'OS in (X,t). Therefore A is an IFG”'CS in (X,t). Then by Theorem, A€ is an
IFG,"' CS in(X,t).Therefore A is an IFG¢" OS in(X,7).

The converse of Theorem 4.17 need not be true as seen from the following Example.
Example 4.18

Let X={a,b}. Let t ={0-,G,1-} be an IFT on X, where G=(x, (0.2,0.3),(0.7,0.6)). We have
ue(@)=0.2, uc(b)=0.3, ve(a)=0.7 and vg(b)=0.6. Consider an IFS A=(x, (0.6,0.5),(0.3,0.4)). Then by
Example 4.18, A®is an IFG;"'CS but not an IFG"'CS in (X,1). Hence A is an IFG;"OS but not an IFG"'OS
in (X,1).

Theorem 4.19 Every IFG"'OS is anl[FaGSOS.

Proof Let A be anIFG”'OS in (X,1). Therefore A¢ is an IFG"'CS in (X,t). Then by Theorem, A€ is an
IFaGSCS in(X,t).Therefore A is an IFaGSOS in(X,1).

The converse of Theorem 4.19 need not be true as seen from the following Example.
Example 4.20

Let X={a,b}. Let t ={0-,G,1-} be an IFT on X, where G=(x, (0.4,0.3),(0.5,0.6)). We have
ue(@)=0.4, uc(b)=0.3, vg(a)=0.5 and vg(b)=0.6. Consider an IFS A=(x, (0.3,0.2),(0.6,0.7)). Then by
Example 4.20, A°® is an IFaGSCS but not an IFG”'CS in (X,t). Hence A is an IFaGSOS but not an
IFG"'0S in (X,7).

Theorem 4.21 Every IFG"'OS is anIFG,'OS.
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Proof Let A be an[FG"'OS in (X,t). Therefore A€ is an IFG"'CS in (X,r). Then by Theorem ,A€ is an
IFG,'CS in(X,t).Therefore A is an IFG,'OS in(X,1).

The converse of Theorem 4.21 need not be true as seen from the following Example.
Example 4.22

Let X={a,b}. Let © ={0-,G,1-} be an IFT on X, where G=(x, (0.3,0.6),(0.6,0.3)). We have
ne(2)=0.3, pe(b)=0.6, ve(a)=0.6 and ve(b)=0.3. Consider an IFS A=(x, (0.7,0.6), (0.2,0.3)). Then A is an
IFG,'OS but not an IFG"'OS in (X,1).

Remark 4.23 IFaOS and IFG"'OS are independent.
Example 4.24

Let X={a,b}. Let t ={0-,G,1-} be an IFT on X, where G=(x,(0.2,0.3),(0.8,0.7)). We have
ue(a)=0.2, us(b)=0.3, ve(a)=0.8 and ve(b)=0.7. Consider an IFS A=(x, (0.9,0.6), (0.1,0.4)). Then A is an
IFaOS but not an IFG"'OS in (X,1).
Example 4.25

Let X={a,b}. Let t ={0-,G1,G2,1-} be an IFT on X, where Gi=(x, (0.3,0.2),(0.6,0.7)) and
G2= (x,(0.3,0.4),(0.6,0.5)). We have pei1(a)=0.3, pei(b)=0.2, vc1(2)=0.6, vei(b)=0.7, pc2(a)=0.3,
uc2(b)=0.4, vea(a)=0.6 and ve2(b)=0.5.Consider the two IFS A=(x, (0.25,0.15), (0.65,0.75)). Then A is
an [IFG"'OS but not an IFeOSin (X,7).
Remark 4.26  IFSOS and IFG"'OS are independent.

Example 4.27 Let X={a,b}. Let 1 ={0-,G,1-} be an IFT on X, where G=(x, (0.3,0.4),(0.6,0.5)). We have
ue(2)=0.3, uc(b)=0.4, va(a)=0.6 and vs(b)=0.5. Consider an IFS A=(x, (0.5,0.4), (0.4,0.5)). Then A is an
IFSOS but not an IFG"'OS in (X,1).

Example 4.28 Let X={a,b}. Let T ={0-,G1,G2,1-} be an IFT on X, where G1=(x, (0.2,0.3), (0.7,0.6)) and
G2= (x,(0.3,0.4),(0.6,0.5)). We have puci(a)=0.2, uci(b)=0.3, vei(a)=0.7, vci(b)=0.6, psc2(a)=0.3,
uc2(b)=0.4, veo(a)=0.6 and vg2(b)=0.5.Consider the two IFS A=(x, (0.1,0.2),(0.8,0.7)). Then A is an
IFG"'OS but not an IFSOSin (X,1).

Theorem 4.29 If A and B are IFG"'OSs in an IFTS (X,1), then ANB is also an IFG”'OS in (X,1).

Proof Let A and B be IFG"'OSs in (X,t). Therefore A€ and B¢ are IFG"'CSs in (X,t). By theorem, (AU
B€)isan IFG"'CS in (X,t). Since (A° U B€)=(A N B)¢, ANB is also an IFG"'OS in (X,1).

Remark 4.30 The union of twolFG"'OSs in an IFTS (X,t) need not be an IFG"'OS in (X,1).

Example 4.31Let X={a,b}. Let Tt ={0-,G1,G2,1-} be an IFT on X, where G1=(x, (0.2,0.3), (0.7,0.6)) and
Go= (x,(0.3,0.4),(0.6,0.5)). We have puci(a)=0.2, uci(b)=0.3, vei(a)=0.7, vci(b)=0.6, pc2(a)=0.3,
uec2(b)=0.4, ve2(a)=0.6 and ve2(b)=0.5.Consider the two IFS A= (x,(0.1,0.7),(0.8,0.2)) and
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B=(x, (0.8,0.2),(0.1,0.7))Then A and B are IFG"Oss. But AUB=(x,(0.8,0.7),(0.1,0.2)}is not an
IFG"'0S in (X.1).

Theorem 4.32 If A is an IFG"'OS in an IFTS (X,t) such that int(A)SBCA, then B is IFG"'OS in (X,1).

Proof Let A be an IFG"'OS in(X,t) such that int(A)SBCSA. It impliesA¢ € B¢ < cl(A¢) Where A¢is an
IFG"'CS in(X,t). By Theorem, B¢ is an IFG"'CS in(X,t). Therefore B is an IFG"'OS in(X,1).

Theorem 4 .33 Let (X,t) be an IFTS. Then IFO(X)=IFG"'O(X) if every IFS in(X,7) is an IFGSOS in X,
where IFO(X) denotes the collection of IFOSs of an IFTS(X,1).

Proof Suppose that every IFS in(X,7) is an IFGSOS in X. Then by theorem, we have IFC(X)= IFG"'C(X).
Therefore IFO(X)=IFG"'O(X).
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